Abstract. We study the effects of the effective range of interaction on the eigenvalues and eigenstates of two particles confined in a three-dimensional (3D) isotropic as well as one-or quasi-one dimensional harmonic (1D) traps. For this we employ model potentials which mimic finite-range s-wave interactions over a wide range of s-wave scattering length a s including the unitarity limits a s → ±∞. Our results show that when the range is larger than the 3D or 1D harmonic oscillator length scale, the eigenvalues and eigenstates are nearly similar to those of noninteracting two particles in the 3D or 1D trap, respectively. In case of 3D, we find that when the range goes to zero, the results of contact potential as derived by Busch et al. [Foundations of Physics, 28, 549 (1998)] are reproduced. However, in the case of 1D, such reproducibility does not occur as the range goes to zero. We have calculated the eigenvalues and eigenstates in 1D harmonic trap taking one-dimensional finite-range model potential. We have also calculated bound state properties of two particles confined in a highly anisotropic quasi-1D trap taking three-dimensional finite-range model potential, and examined whether these quasi-1D results approach towards 1D ones as the aspect ratio η of the radial to axial frequency of the trap increases. We find that if the range is very small compared to the axial size of the trap, then one can reach 1D regime for η ≥ 10000. However, for large range, one can nearly get 1D results for smaller values of η. This study will be important for exploration of two-body or many body physics of trapped ultracold atoms interacting with narrow Feshbach resonance for which the effective range can be large.
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Introduction
Interacting systems in low dimensions have interesting or exotic features. For example, interacting electrons in two dimension exhibit fractional quantum Hall effect and high temperature superconductivity, interacting ultracold atoms in one dimension show TonkGirardeau regime [1, 2, 3, 4, 5] , confinement-induced resonances [6, 7, 8] , metastable supercurrent states [9] , etc. With the recent advancement of cooling and trapping of atoms by optical or magneto-optical forces, a new class of low dimensional systems, namely cold atoms in highly anisotropic harmonic traps, has become important. Interacting cold atoms in tightly confined or low dimensional traps have attracted a lot of research interests [6, 7, 8, 10, 11, 12, 13, 14, 15, 16, 17] . The interactions between neutral atoms are, in general, short-range unlike that in electrons where interactions are long-range due to Coulomb forces that may be modified due to lattice vibrations and confinement effects. Interactions in ultracold dilute atomic gases are usually described by a zero-range Fermi pseudo-potential [18] or a delta function potential expressed in terms of s-wave scattering length (a s ) only. The validity of zero-range potentials breaks down for narrow resonant interactions, dense atomic clouds and mixtures of different atomic gases in strong external electric fields. Finite-range effects become particularly important for narrow Feshbach resonances in ultracold atoms. It is therefore important to investigate the role of the range of interactions on interacting trapped atomic gases. For this we use finite-range model potentials recently proposed [19, 20] and shown to represent atom-atom interactions at low energy for arbitrary a s including unitaritylimited regime where a s diverges. Scattering length in cold atoms can be varied over a wide range by a magnetic Feshbach resonance [21, 22, 23] . Near the unitarity regime, cold atoms become strongly interacting. Recently, it has been experimentally shown that the effective range of interactions between ultracold atoms near a magnetic Feshbach resonance can become quite large [24, 25, 26, 27, 28, 29, 30, 31] leading to significant energy-dependence of the interactions. This calls for formulation of the problem beyond delta potential approach.
For a harmonic trapping potential, the problem of two atoms interacting isotropically is separable in centre-of-mass and relative motion. A cylindrically symmetric harmonic trap can be made either a quasi-two dimensional (quasi-2D) or quasi-one dimensional by changing the ratio of the radial to axial size of the trap very large or very small, respectively. Since the radial (axial) size of a harmonic trap is inversely proportional to the square root of the frequency of the radial (axial) harmonic potential, this ratio between the two sizes can be made quite large (small) by changing the ratio of the axial to radial frequency quite large (small). Interacting atomic systems in such quasi-low dimensions are important for studying low dimensional physics. In a seminal paper, Busch et al [18] have derived exact analytical solutions of two atoms interacting via zero-range regularized delta potential in an isotropic 3D, 2D and 1D harmonic trap. These solutions clearly show how bound states in harmonic oscillator are modified due to zero-range interactions. For an axially symmetric trap, exact solution of two interacting particles was calculated by Idziaszek and Calarco [12] under pseudopotential approximation. The validity of the calculation of ref. [18] is restricted to the sufficiently weak trap where trap width is much larger than |a s | [32] . To overcome this limitation Bolda and coworkers [33] have introduced energy dependent scattering length in regularized pseudopotential and developed a self-consistent method to study two-atom bound states in isotropic traps and s-wave collisional properties in optical lattice with axially symmetric quasi-one and two dimensional harmonic confinement [11] . 2D and 1D harmonic traps are two ideal cases, and in real situation these lower dimensionality can be realized by considering tight confinement in one or two spatial directions of a 3D trap. Petrov and Shlyapnikov have shown quasi-2D and 3D regimes of atom-atom scattering of a tight axially confined trap [10] . Effects of this tight confinement on Bose-Einstein condensates (BEC) is an interesting topic of research both theoretically [34, 35, 36, 37, 38, 39, 40] and experimentally [41, 42, 5, 43] . For tightly confined atomic gases, the size of the trap may become comparable to the scattering length or the range of interaction. In such situations, it is not clear how the trapping states will be influenced by the range of interactions.
Here we investigate into the bound state properties of a pair of particles interacting with a finite-range model potential in isotropic and quasi-1D harmonic traps. The purpose of our investigation is to understand the effects of finite-range on two-body bound states in isotropic and low dimensional traps. We have used two model potentials -one for positive and the other for negative scattering length. These two potentials do not diverge as a s → ±∞ unlike delta function potential. In the limits a s → ±∞, both potentials reduce to the same form. The model potentials we consider are twoparameter potentials that are shown to be useful for describing the effects of finite-range of interaction near the unitarity regime [20] . The two parameters are the range (r 0 ) of the potential and the s-wave scattering length a s . The finite-range potential for negative scattering length is of the form
where α = 1 − 2r 0 /a s , β = 1 + α and µ is the reduced mass. For positive scattering length, the potential has the form
These potentials are derived based on finite-range expansion of s-wave phase shift δ 0 (E), where E is the collision energy of two particles colliding in free space at low energy. The potential of Eq. (1) is valid for |δ 0 (E)| < π/2 in the limit E → 0. For |a s | ≫ r 0 , both the potentials of Eqs. (1) and (2) reduce to the form
where is of the form of well-known Pöschl-Teller potential which is exactly solvable for 1D [44, 45, 46, 47] and 3D homogeneous systems [48, 49] . Here
is proportional to the small parameter ǫ = α −1 − 1. κ is defined as β/r 0 . The exact solution of V 0 allows one to write down the Green function of this potential as shown in [20] . The potentials of Eq. (1) and (2) are derived based on the effective range expansion of phase shift [50, 51] and in the unitarity limit i.e a s → ±∞ both the potentials reduce to the same form
This is well known potential and previously used by Shea et al. [52] to study energy spectrum of two particles in an isotropic harmonic trap. Here we study the effects of variation of r 0 for entire range of scattering length on the bound state properties of two cold atoms in an isotropic 3D harmonic trap as well as tightly confined quasi-1D and 1D trap. Our purpose is to understand the effects of confinement and effective range on the bound states of resonantly interacting cold atoms in lower dimension. Previously, we have used these potentials to investigate bound state properties of two atoms in quasi-two dimension [19] .
Bound states in a harmonic trap
For two atoms in a harmonic trap, the centre-of-mass and the relative motion between the two atoms become separable. Since an isotropic interaction depends only on the relative coordinate between the two atoms, it will affect the relative motion only. A highly anisotropic harmonic trap is effectively squeezed in one or two spatial directions. It is therefore interesting to know how tight trapping and the low dimensionality affect the bound states of two atoms interacting via a finite-range potential. Let us consider an axially symmetric harmonic trap with frequencies ω x = ω y = ω ρ = ω z . The shape of an axially symmetric trap depends on the aspect ratio η = ω ρ /ω z . If ω ρ >> ω z i.e. if the trapping frequency ω ρ in radial direction is much greater than that in axial direction, the trap becomes cigar-shaped (quasi-1D). For ω z >> ω ρ , the trap has pancake shape (quasi-2D).
3D isotropic harmonic trap
For two particles in an isotropic harmonic trap, Schrödinger equation for relative motion can be written as
where the subscript s stands for '+' or '-', µ is the relative mass and l is the azimuthal quantum number. u s (r) is related to 3D wave function Ψ s (r) by u s (r) = rΨ s (r). Here E denotes the energy eigenvalue of the two interacting atoms. The characteristic length scale of an isotropic trap is defined as l 0 = µω where ω is the trapping frequency. We solve this radial Schrödinger equation by using Numerov method to obtain bound-state wave functions and eigen energies for a wide range of scattering lengths with different effective ranges (r 0 ). For delta potential, the energy eigenvalues are given by the exact 
Quasi-1D and 1D
In case of two interacting atoms in a symmetric harmonic trap, Schrödinger equation for relative motion in cylindrical coordinates can be written as
where E a is the total energy and Ψ a s (ρ, z) is the total wave function of the anisotropic trap. Radial and axial modes are coupled via the interaction potential V s . Now we consider Ψ (a)0 nρ,m,nz (ρ, z) as the wave function of the relative motion between a pair of noninteracting particles in the trap, where n ρ and n z are the radial and axial principal quantum numbers; and m stands for angular momentum in 2D. This wave function is separable in axial and radial coordinates as
where
and noninteracting case (V s (ρ, z) = 0), total energy E a is the sum of 2D and 1D harmonic oscillator eigen energies (E a = (2n ρ + |m| + 1) ω ρ + (n z + 1/2) ω z ).
For two atoms confined in one dimension and interacting via delta potential, energy eigenvalue can be determined again from equation (8) . Both in 3D and 1D the effective range expansion formula [53] has the same mathematical form
Since our model potentials are derived by the method of Jost and Kohn [50] , based on effective range expansion, the model potentials have the same form both in 1D and 3D. In case of trapped atoms, one can achieve quasi-1D situation while exactly one dimensional atomic gas is an ideal system. Now, a quantum system is effectively one dimensional if the chemical potential and thermal energies are smaller than energy gap in strongly confined direction i.e radial direction. When the frequency in radial direction is much greater than axial frequency, spread of the wave function is narrow in radial direction but much widely spaced along the axial direction. The total wave function is then very much closer to that of an one dimensional harmonic oscillator. Under such conditions, the radial wave function is effectively the ground state wave function of simple 2D harmonic oscillator. Then total wave function can be written as Ψ
s,n is the reduced wave function in the axial direction. n carries the same significance as n z and equal to the number of nodes in the wave function. Depending upon whether the number of nodal points are even or odd, the wave functions are designated as even or odd state, respectively. Projecting both sides of equation (9) with R 0 0,0 (ρ), Schrödinger equation reduces to the form
where V s (z) is the effective interaction in 1D given by
is the reduced energy. We have used E nz to represent the pure 1D energy. 
Results and discussions
To check whether one can retrieve the standard results of zero-range interactions, we first discuss the results in the limit r 0 → 0. For two interacting atoms in an isotropic trap, lowering the range decreases the energy level. As r 0 → 0 energy level shifts towards lower energy. This is shown in Fig. 1 . In Fig. 2 we have shown how the scattering length affects the ground state energy. In the limit a s → 0 − , the ground state of relative motion in the trap reduces to that of a noninteracting pair of particles. In free space, there exists only one bound state when a s > 0. In the limit a s → 0 + , the binding energy of the bound state in free space diverges as 1/a 2 s . This fact is also reflected in the case of isotropic trap as the ground state energy diverges to the large negative values in the limit a s → 0 + . In the limit r 0 → 0, these results are similar to the results already discussed in [18, 52] . In Fig. 3 we have shown the effects of a s on ground and first excited state wave functions. Increase in scattering length increases the probability of finding the particle near the trap centre. Now, we consider two particles in 1D confinement. We have used the same form of interaction for 1D harmonic trap, with the scattering length being replaced by that of 1D. In table 1 we have shown how eigen energies depend on r 0 . The ground state energy diverges as we move from high r 0 to low r 0 . In table 2 we have shown the effects of η and r 0 on first three energy levels for V ∞ in quasi-one dimensional trap. Now, if we compare these results with those in table 1 we can conclude that for large range small aspect ratio (η) is reasonably good to produce purely 1D results. For r 0 = 0.1Z 0 , quasi-1D to 1D transition occurs at η = 100000.
In Fig. 4 we have plotted ground and first excited wave functions for three different r 0 . It is evident from the figure that lowering r 0 squeezes the wave function to the centre. The variation of the eigen energies of odd states with a s for low range interaction is similar to that of the variation of even state of same energy for zero range interaction as shown in Fig. 5 . In Fig. 6 we have shown the effects of η on ground and first excited states for quasi-1D trap. As η increases wave function squeezes more towards the trap centre. For finite-range potential in quasi-1D, the even states are weakly dependent on a s whereas the odd states change significantly as shown in table 3.
Conclusions
In conclusion, we have presented a model study showing the effects of finite-range r 0 of interaction on the bound state properties of two particles in isotropic 3D, quasi-1D and 1D traps. We have shown that, in case of isotropic 3D trap, the results of a contact potential [18] can be reproduced with our model potentials by taking the limit r 0 → 0. We have examined whether a finite-range 1D model potential can reproduce the results of 1D contact potential when the range goes to zero. In contrast to 3D case, we find that the results for finite-range 1D potentials do not approach to those for 1D contact potential as the range decreases. This indicates that probably one can not realize the theoretical results [18] of two particles interacting with 1D contact potential in a 1D harmonic trap. Remarkably, the 1D finite-range model potentials have the same mathematical form as the 3D ones, because the finite-range expansion of phase shift both in 3D and 1D is similar. We find that in the limit of large range, the bound state energies in 1D or 3D reduce to those of non-interacting two particles in 1D or 3D trap, respectively. In the case of quasi-1D or 1D, as the range decreases below the 1D harmonic oscillator length scale, the ground state energy decreases below zero. We have demonstrated how quasi-1D results approach to 1D results as the aspect ratio η is increased. We find that for smaller range, 1D results are nearly reproduced when η is larger than 10000. However, if the range is large, one can obtain nearly 1D results with smaller η (10000 > η > 10). We have studied finite-range interactions over the entire range of scattering length including the unitarity regime a s → ±∞. This study will be important for exploring physics of trapped one or quasi-one dimensional atoms interacting with finite effective range. For instance, the effective range effects in ultracold atoms interacting with a narrow Feshbach resonance can not be neglected.
